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Abstract
It is introCuced, here, and defined a rneasure of accuracy of approxirnation, of a function by another.

Few examples are presented to illustrate its usage.
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vn (x): l*H*l . 1is the
trntroduction

From a practical point of view, limit is
a tool for approximation. Theoreticians
avoid the issue of efficiency, in 

^rrymeasure, of the approximation - it is
usually required that " if n is large
enough" or "if n is sufficiently large". An
attempt is made to introduce a measure of
accuracy ofthe

approximation that could be used as a
criterion to determine the size of n as

required and conversely that measure rnay
be calculated for a given approximation.
Also this same measure could be used as a
criterion to choose an approximate when
more than one choice is available lor more
details and wider background see f5, 6].

Definitions and Assumptions

lx] : The largest integer equals to or
less

than x, or reference no, r.
{S, (x)}, n:1,2..". is a sequence of real
valued functions converging
to f(x) > 0, Sn(x)> 0, [1]

relative
error at n.
d,(x):1-V,(x) is the degree of the
accuracy at n. (1)

Procedure
Froblems of approximation are very

diverse in their nature and purpose, hence
it would be inadvisahle to try to obtain an

algorithm to solve these or some of these
problems.

We confine this study to solve the
following problem for few cases as

exa"mples.

Problem: For a given degree of
accuracy d (x), what should be the value
of n so that Sn(x) * f(x) with deg of acc.,

d(x), and conversely?
As for another application, the

problem is:
of two soquences {T,} and {S,} s

lim Tn: lim S,: f(.), which one is
preferred to approximate f(.)?
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Applications
the Geometric series

A geometric series is a power
series [2]:
1 + u(x) +[u(x)]2+[u(r)]' + . .... . and for

lr(r)1.1 wehave

lim (1+u(x) + [u(x)]2 +. . .. .. +[u(x)]'-l;:
I

, as n approaches infitity,
t- u(x)

To simplify the notations we shall
write u for u(x); thus

$n: l*g*u2+...*un-l : 7".-u'-*d
l*u

fbr

lul .t
1

limSn: --l-u
Our pupose in this section is

expressed by

Assertion 1

Let d denote the deg. of acc. Then
for 0<u<1

The proof of the converse is left for the
reader.

'I

Examnle.'For u:l and d:0.99 we
2

ftndn:7

Converselv for n:5. ,: 1 *.
2

find d:0.967

The Exponential e*
Our aim in this section is to determine

the value on n which corresponds to a
prearranged deg. Of acc., d, so that [1]

e* ry sn (x) :l+x+x' I 2, + . .. + xn / n! (2)

To justi$ the above inequalitywe
notice that every pair of corresponding
terms at the two infinite series satisfies the
inequality so do tlie corresponding partial
sufirs. It is easy to prove that limits of the
parlial sums do too.

Alternating Series
An alternating series is defined to be
S:lim Sr, where
S,, : u1-u2+u3-ua*. . .tun)
and un >0. We a$sume
u, ) un+l, tT= 1,2,, ".
lim un:0

So that the series is convergent
details, the reader is referred
to [ 3]. Since lim Sz*: lim S2*-1:
we shall consider n:2m m:1,2,...

(3)
.For

S.

The aim in this section is to determine
the value of n so that
S =S, with a preassingned deg. of
acc.,: d.Since for m: 1,2,..., Sz-(

S<Sz*-
we have, according to (1)

S, = --lL-u

Proof

iff n: t 
(1"[: d) 

1 +r

We have d= 1-u" since

,s, l-un ,,tl -a)lim^S, l-u' < 1 (see 1)

The proof is obtained by solving for n

ln(l-d)
ttn =l-d*n=

lnu
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., - Sr*u:- (4)
s

Nou, let for k= 1,2,...,2^-1
W1:U1-U111

Then their arithmetic mean is

W:112m-r(ur-uz * uz-u: *
tl2m-1- u2m): (uyu2*) l2*-1
and S2,r.,= ( w1-|w3*...*wz--t)
It simplifies matter and for
convenience we represent 52- by a
very well statistically acceptable
representation, namely,

Sr,, * ,ni =ry(:' - 
t!:') 

(5)
zm -l

From (4) and (5) we have
S2,n: Sd and S( ur,

m
;-(u, -ur^) = Sd < u,d'lm-l
From (3), m (ur-uz) < m (u1-u26)

< (2m-1) u1d (6)
which yields

u,dm> '
(Zd *l)u, +u,

Thus we have just proved

Assertion 2

If n=2m>
(2d -\)u, + u,

S N S, with deg. of accuracy : d.

Conversely if
S r Sz, then the deg. of ace. is given
by

r - m(ur - u*) - mlu, -u.)
(2m -l)u, (Zm-l)u,

Remark: h practice, the value of n
would be

I z".a Ino>l- ' l+I
Lea -l)u, + u, )

Factorials and Sterling Forrnula
For a positive integer n, n factoiatr is

defined to be n! : L.2.3. . "..n
while Sterling formula is an asymptotic
formula that expresses n! as [ 4]

nt :In\^[z**n", {1)
\e)

where
| .. 1<rlnl<-

lln +l l2n
our putpose in this, section is to justify the

following:

Assertion 3

nl * (!)" ^1Llrn: A(n) with dog. Of
e

11
l2n lZn +1

Proof
since e'(n) > 1, A(n) < n!

hence, according to (1)
d - e'r(n) , therefore ln d: -r(n)

As an example, for n:3
1-

6 =(: )'^iZnl with acc. = d unless
e

0.973<d<0"974

Conclusion
A measure called "degree of accuracy"

has been introduced that can be used as a

criterion to determine the closeness of a
function to another when one of them is
approximating the other"

This measure is given in (1). Also it may
be used to compute the degree of accuracy

when the two functions depend on, n, as is

shown in the above example.
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